We study the formation of columnar structures of uniaxial dipoles in an external magnetic field both experimentally and theoretically. By applying an external magnetic field parallel to a thin 
I. INTRODUCTION
Colloids exhibit various structures and phase behavior depending on inter-particle interactions [1] . When applying an external field to electro-rheological (ER) or magneto-rheological (MR) fluids which couple, respectively, to electric or magnetic fields, dipole moments are induced due to the difference in dielectric constants or magnetic permeabilities between the particles and surrounding buffers. If the dipolar interaction is strong enough, the suspensions can undergo structural transitions, for example, from randomly dispersed particles to clusters. The resulting dramatic changes in rheological response due to the structural transition lead to many technological applications, and have attracted much attention recently [2] .
Study of these structures under external fields is fundamental in understanding the properties and response to shears of ER and MR fluids. Under an electric field, suspensions of ER fluids were observed to form chains quickly, then aggregate into thick columns [3, 4] . The ground state is comprised of thick columns, and was demonstrated to be a body-centered tetragonal (bct) lattice, both theoretically and experimentally [4, 5] . Analogous structures have also been found in MR fluids [6] [7] [8] . In practice, however, the use of a MR fluid avoids some complicating factors that hamper the investigation of the structural evolution in ER fluids, such as surface charge, electrode polarization, and adsorbed water. The different behavior of ER and MR fluids is mainly due to their different boundary conditions. For example, in the absence of image dipoles in MR fluids, the interaction among chains and columns strongly depends on the their finite length.
In most experimental studies of field induced structures in MR fluids, a slowly increasing field is applied perpendicular to a thin film, so that thermal motion allows particles and chains to find their more stable configurations. Under a strong magnetic field, columnar structures parallel to the field were found, and two dimensional periodic patterns were observed [6] [7] [8] [9] . Both spacing and width of these columns were observed to depend sensitively on the dimensions of the experimental cell, and to obey scaling relations. However, the scaling exponents between the diameter and the length of the cylindrical columns (the latter is set by the spacing between the two glass plates between which the MR fluids are filled) were seen to depend on certain details of the system, with conflicting values of 0.67 [6] , 0.37 [7] , and even a transition between two regimes has been reported [8, 9] . Several theories have been advanced to explain the experimental results by minimizing the appropriate free energy, but different assumptions of ellipsoidal [6] and cylindrical [7, 9] column shapes lead to different values of the exponents.
A few experiments have involved the application of a magnetic field parallel to a thin MR film to study structure evolution [10] [11] [12] . Macroscopic one dimensional patterns were only found in an oscillating magnetic field within a small range of frequencies [10] . In a dc field, only needle-like structures were found in nonequilibrium states [11, 12] . Although two dimensional Monte Carlo simulations were used to describe the observed thick chainlike clusters [13] , their width was not related to the length of the chains. So far columnar sizes and inter columnar spacings in two dimensional thin films have not been studied systematically, neither theoretically nor experimentally.
In this paper, we study the formation of columnar structures in a thin film of a MR fluid both experimentally and theoretically. Unlike prior experiments, the MR fluid is inside a thin, approximately flat glass tube. An external magnetic field is applied along the direction parallel to the film, such that the length of resulting columns is set by the inner tube dimension. We then study the breakup of large colloidal particle aggregates under the application of the external field, rather than applying the field to a colloidal suspension of uniform density. By varying the geometry of the initial aggregate and the experimental cell, we show that the resulting column widths and inter column spacings are independent of the film thickness, thus suggesting that the experiments are approximately two dimensional in nature. The observed average column width and inter column spacing in steady state are proportional to the column length (set by the tube dimensions). We then model the columns as comprised of spherical dipolar particles placed on a two dimensional closed packed lattice, and compute the preferred column width by minimizing the potential energy of the configuration. The column width is found to be proportional to its length, as in the experiments. By computing the potential energy of a configuration of two columns, we provide an interpretation of the selected column width. grain corresponds to a single magnetic domain. In the absence of an external magnetic field, the magnetic dipoles in each particle are randomly oriented in the suspension due to thermal motion. Fluid droplets are super-paramagnetic and do not exhibit hysteresis. The particles have a mean diameter of about d = 4.5µm, with polydispersivity less than 4%, and a susceptibility χ = 0.24. To prevent aggregation due to van der Waal's attraction before applying a magnetic field, the droplets are dissolved in dilute 0.001M NaOH solution to provide an inter-particle repulsion. Typically the induced interaction between Dynalbeads at pH = 11 is large enough to avoid aggregation [15] .
II. EXPERIMENTAL SETUP AND PROCEDURE
The strength of the dipolar interaction can be characterized by a coupling constant λ
where U d−d is the interaction energy between two particles in contact with dipoles aligned along the field direction, k B the Boltzmann constant, T the temperature, µ 0 the magnetic permeability of free space, d the particle diameter, χ magnetic susceptibility of the particle, and H the external magnetic field. The external field in our experiments is at the order of 1000G, i.e. λ ≈ 10 6 ≫ 1, thus the dipoles are expected to form stable chains and columns.
The magnetic force is also significantly larger than the steric repulsion and Van der Waal's attraction, therefore dominating the formation of chains.
Experimentally determining the equilibrium state of a dipolar fluid with micro millimetersized particles is often difficult because the system can easily be trapped in metastable states. For example, chains or small columns tend not to aggregate into larger ones due to the potential barriers caused by the long ranged repulsion of the dipole-dipole interaction.
Hence the column size is often smaller than that of the equilibrium state. To mitigate this difficulty in our experiments, we have chosen to observe the breakup of an initial large aggregate under the field instead of directly studying the formation of columns from a uniform suspension. A in the figure) are often much narrower than those in the center. This is probably due to the uneven edges of the initial aggregate in Fig. 2(a) , and to edge effects in the dipole dipole interaction. We also observe sometimes inhomogeneities within the column ensemble (marked as B in Fig. 2(d) ), in the form of thinner columns lying between two wide columns.
Both types of outliers in the distribution of widths are ignored. Finally, we mention that the spacing b between the columns is often slightly larger near the two ends of the sample compared to the central region. This should also be and end effect where the columns at the sample ends experience repulsion from only one side.
We have considered a number of tubes of different cross sections, and for each the measurement of column widths and spacings is repeated six times. Figure 3 shows an example of the corresponding distribution of w and b in a cell with L = 666µm and M = 318µm (the length of the columns is also L). The distributions are broad, although an average is clearly discernible, with fluctuations most likely due to the details of the column break up processes.
Even though particles within a broad column experience the largest repulsive forces near its center, the column may split off center due to inevitable packing defects. Once separated, the resulting smaller columns are unlikely to recombine, hence leading to significant width fluctuations.
III. THEORETICAL MODEL
In this section we discuss a simple model used to interpret the experimental observations to be described in Sec. IV. We consider an ensemble of identical dipoles placed on a two dimensional lattice with L × W nodes. The lattice is comprised of two staggered square lattices that allow close packed aggregates to form of the type shown in Fig. 1 . The dipoles attract when they are aligned with the field, thus leading to the formation of chains of length L. Staggered lattices allow a reduction in dipole dipole repulsion in the direction perpendicular to the applied field by having two successive columns out of register by one particle radius. Without this shift, the interaction between two chains is always repulsive, even for infinite long chains. With the shift, on the other hand, the interaction between the two columns becomes attractive within a certain range of separations. Given that the range of this attractive interaction is shorter than twice the particle diameter d, even for long chains, a finite preferred width w of a column is expected due to the competition between long range repulsion among columns and short range attraction among the chains within a column. Two dimensional columnar structures are modeled as the close packed particle configurations on the lattice. In our calculations we will place N chains in the lattice, always assumed to form columns of length L. Therefore the volume fraction of occupied lattice sites
The potential energy of a configuration can be decomposed into three interaction parts:
between pairs of dipoles within each chain of length L, between pairs of chains within each column, and within pairs of columns. The term arising from the pair interaction between dipoles inside a single chain remains constant once the total number of chains in the system is fixed. Since the total number of particles and the tube dimensions are fixed in our experiment, this contribution to the energy is a constant. Hence only the other two interactions terms contribute to the determination of the columnar width and separation.
Consider first the limiting case of a single column (e.g., low volume fraction of colloidal particles) comprised of w adjacent chains with chain lengths of L particles. Its electrostatic energy is given by,
where β k is the pair interaction energy between chain one and its k th neighboring chain. The variation, f , of Eq. (2) is
It has been shown in Ref. 14 that β k can be approximated as the sum of the interaction potential between two chains with infinite lengths (L → ∞), and a finite size correction as
where 
The preferred column width w 0 is obtained by requiring that f = 0, and hence we find
We have also computed the sum in Eq. The analogous calculation for more than one column is difficult analytically due to the complicated interaction between columns. However, we will show in Sec. IV a numerical computation of the potential energy of various multi column configurations numerically to argue that the same linear relation between w 0 and L holds, but with a coefficient that is an increasing function of the volume fraction.
IV. RESULTS AND DISCUSSION
We have first examined any effect deriving from the size of the initial aggregate prior to turning on the external field (c.f. Fig. 1 ). At a fixed number of colloidal particles we can manipulate the initial aggregate (with dimensions denoted as H × L in Fig. 2(a) ) to have different values of H, such that the aggregate does not fill up all the cell thickness M. is w = 160 ± 13µm, whereas we find in a cell of L = 666µm and M = 318µm that w = 173 ± 5µm. Therefore the experiments reported can be analyzed in terms of the two dimensional model described in Sec. III, at least in the range of layer thicknesses M considered.
We next probe the interaction between two columns with the procedure showed in Fig.   6 to demonstrate that, as expected, it is always repulsive. Two neighboring columns from a steady state distribution are selected and isolated from the other columns ( Fig. 6(a) ). They are then brought together by a magnetized clip as shown in Fig. 6(b) . After removing the clip, the two columns regain their original separation, as shown in Fig. 6(c) . On the other hand, if the spacing between them is increased, as shown in Fig. 6(d) , they remain at the larger separation (Fig. 6(e) ). This demonstrates that the inter column interaction is purely repulsive, and that there exists a minimum column spacing.
We have calculated the potential energies of several configurations of two identical columns in two dimensions in order to understand this selected minimum spacing. Column widths have been chosen to be w = 0.29L in each case, the relation between column width and chain length seen in the experiments involving many columns (from Fig. 8 ). For reference, we also show the interaction between two single chain columns in the figure. The potential energy at large spacings decays as 1/r 3 with r = (w + b)/d, as expected from the dependence of the interaction energy between two isolated dipoles. At shorter spacings, however, the interaction energy decays more slowly. For the case of two single chain columns, the energy is seen to decay as 1/r, a dependence that follows from β k in Eq. (4). For wider columns, the decay is slightly slower. We also show in the figure the experimental value of the minimum inter column spacing determined above. It lies in the crossover region in potential energy from the 1/r decay at short distances and the 1/r 3 decay at long distances.
It is possible that for column separations larger that this cross over length, column motion may be too slow to be observable in our experiments.
We now turn to our results for an ensemble of columns, prepared as an initial aggregate before the external field is turned on. Figure 8 shows the average inter column spacing b, measured as the center to center distance between two neighboring columns, as a function of the chain length L. The circles correspond to data obtained by gradually increasing the magnetic field by using an electromagnet, whereas the squares correspond to the case in which an fixed external field is applied rapidly by using two permanent magnets. Note that the inter column spacing is very close to the column length L. The spacings obtained at constant applied field are slightly smaller, probably due to an insufficient relaxation time. Figure 9 shows the average column size w also as a function of chain length L. In both cases shown in the figure, the column width w is observed to be proportional to the chain length L. We also display in this figure the effect due to a sudden or gradual application of the magnetic field. A small variation in the coefficient of proportionality is observed: 0.26
for the case of a slowly increasing applied field, and 0.31 for the case of column formation at constant magnetic field. We interpret the difference as being due to insufficient relaxation time for column break up at constant field relative to the other case. In the former case, the columns adopt a slightly larger width and with it a larger inter column spacing, and hence reduce the overall repulsion between columns.
We have finally attempted a calculation of the selected column width w from direct minimization of the potential energy. As discussed earlier, the potential energy includes an attractive contribution between nearest neighbor chains and repulsive otherwise, the latter dominating over columns of finite width. For example, two columns one with three chains and the other with five would have larger inter-column energy than two four-chains columns, even though both cases have an identical attraction energy. Therefore, columns tend to have the same width, and given a fixed number of the chains, we have computed the ground state by computing the minimum energy of various configurations of columns of equal width. We have considered N = 800 or N = 1100 chains in a computational domain of dimension L×W with W = 1600, and computed the potential energies of various configurations of identical columns. The column width that minimizes the total potential energy w 0 is shown in Fig. 10 .
Here, the volume fraction φ = N/W . We have also studied a system with N = 400 and W = 8000, to make contact with the low volume fraction limit. In all three cases we obtain linear relation between the column width w 0 and the chain length L, with slope increasing with volume fraction. As the volume fraction increases, the column width increases in order to increase the inter column spacing and hence reduce the repulsion among columns. The ratios between w 0 and L as a function of volume fractions are plotted in the inset of Fig. 10 .
In the low volume fraction limit, the ratio approaches 0.17, the theoretical value given in section III.
In order to compare these results with the experiments, we compute the column width w numerically when the selected spacing b equals the chain length L (see Fig. 8 ). At this spacing, the calculated preferred column width w 0 leads to a particle volume fraction (i.e. However, some complicating factors such as van der Waals attraction and steric repulsion are not included in the model. When the particles are close-packed, these additional forces should affect the break up of the columns and wider columns may result from the initial aggregate used in our experimental protocol.
V. CONCLUSION
We have demonstrated a linear relationship between both column width and inter column spacing to chain length in an ensemble of uniaxial dipoles in quasi two spatial dimensions, both experimentally and theoretically. The observed column spacing b is approximately equal to the chain length L. This spacing correlates with the crossover distance in the potential energy between two identical columns from 1/r at short distances to the 1/r but the proportionality constant increases with particle volume fraction. The fact that the columns become wider with volume fraction is interpreted as due to increased spacing and hence a decrease in the repulsive potential energy. In the experiments, this linear relation is observed both when the field in increased gradually, or when columns are formed at constant field. However, the proportionality constant is in both cases is larger than that predicted by energy minimization.
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